
VIII.4 Euler characteristic and Lefschetz fixed

point theorem
������� 1 Let K be a finite simplicial complex. The Euler characteristic of K is
defined by

χ(K) :=
∑

(−1)prk(Cp(K)) =
∑

(−1)p]{p-simplices of K }.
And letβp = rk(Hp(K)) = the p-th Betti number = rk(Hp(|K|)).�	�
������������������ Betti number ��  "!�#$&%')(+*,.-�/ Hp(K) 01 2 simplicial homology 3	4 �

Hp(|K|) 01 2 singular homology 3	4�576 . 3	4 !�#$&%'98 6�:;6=<?>@�ABDCFEHGI J 3	4LKM 01 2 simplicial
homology NO singular homology P;6=3	4 ��� natural equivalence

8 6�Q�RSUT 4 -�/WVX 2 3	4�576 .
1. χ(K) =

∑
(−1)pβp

YZ\[H]�^�
· · · // Cp+1

// Cp
// Cp−1

// · · · (∗)

K_a`cb@edf %' chain complex
8 6hgi Jkj�lnm7op 576�01 2rqtsuDvw Jyx 67z l NO|{ �} 3	4h~_���� %' short exact

sequence
8 6kgi J�j�l�m7op 576�01 2�qtsu���������� 4�3	4�576 .

0 // Zp
i // Cp

∂ // Bp−1
// 0

0 // Bp
i

// Zp // Hp
// 0

� 6	��6 ��� ,
rk(Cp) = rk(Zp) + rk(Bp−1), rk(Zp) = rk(Bp) + rk(Hp)

⇒ χ =
∑

(−1)prk(Cp) =
∑

(−1)p(rk(Hp) + rk(Bp) + rk(Bp−1))
=
∑

(−1)prk(Hp)

Structure theorem of R-module

Assume that R is a P.I.D, F is a free R-module of rank s and N is a submodule
of F . Then there exists a basis {f1, f2, · · · , fs} of F and d1, d2, · · · ds ∈ R such
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that

(1) nonzero elements of {d1f1, · · · dsfs} form a basis of N .
(2) d1|d2| · · · |ds

YZ\[H]�^�
Reference
Serge Lang, Algebra , pp. 521-522.
Jacobson, Basic Algebra 1, pp. 179-180.

�n���Z � �������� 1 Let G be an abelian group. Then G=free part
⊕

torsion part.
And define rk(G) := rk(free part of G)

�n���Z � �������� 2 rk(F ) = rk(N) + rk(F/N).
In general,rk(M) = rk(N) + rk(M/N) if

0 // N // M // M/N // 0

is exact.

YZ\[H]�^�
0

²²

0

²²

0

²²
0 // K

²²

= // K

²²

// 0

²²

// 0

0 // p−1(N)

²²

// F
p

²²

// ♣

f²²

// 0

0 // N

²²

// M

²²

// M/N

²²

// 0

0 0 0

df %' commutative diagram ��  �� ��¡ �¢L£�D¤�¥@ nine lemma ��� %'§¦ l ��� f
8 6 isomor-

phism 3	4©¨ª � � 6	��6 ��� , rk(M) = rk(F ) − rk(K) = rk(p−1(N)) + rk(♣) −
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rk(K) = rk(N) + rk(M/N) 3	4¬«�$�®	¯° m7op 576 .

�n���Z � �������� 3 If (∗) is acyclic (i.e., exact), then
∑

(−1)prk(Cp) = 0.

Examples

χ(Sn) = 1 + (−1)n =

{
0 n is odd

2 n is even

(∵ H0(S
n) = Hn(S

n) = Z)

χ(
∑

g) = 1− 2g + 1 = 2− 2g

(∵ H0(
∑

g) = Z, H1(
∑

g) = Z2g, H2(
∑

g) = Z)

χ =χ = -2

χ =χ = -1

χ =χ = 0

2.More generally, given a diagram of homomorphisms of finitely generated
modules over P.I.D,

0 // A
φ′=φ|²²

i // B
φ²²

p // C
φ̄²²

// 0 : exact

0 // A
i

// B p
// C // 0

where B is free, we have

tr(φ) = tr(φ′) + tr(φ̄)

where tr(φ̄) is taken on free part FC of C.±² ³�´ 4 , µ?¶ T 4 ��� φ 8 6 identity ·¹¸@ q�º$ K_ 1 %'¼»?½¿¾À � ��������Á¹ÂÃÅÄ 6¹576 .
YZ\[H]�^�
Let {b1, · · · , bk, bk+1, · · · , bn} be a basis for B such that {d1b1, · · · , dkbk} is a
basis for A. And φ(bj) :=

∑
rijbi. Then

Matrix of φ = (rij) =

(
∗1 ∗
0 ∗2

)
.
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where ∗1 is the matrix of φ| and ∗2 is the matrix of φ̄ on FC =< ¯bk+1, · · · , b̄n >.

Note

φ|(djbj) = φ(djbj) =
∑

i rijdjbi ·¹¸@�ÆÈÇ m7op¡É�Ê@ , φ|(djbj) =
∑
aijdibi 3	4���6a~_ ¤�¥@ ,

aijdi = rijdj
8 6¿«�$Ë®	¯° m7op 576 . � 6	��6 ��� , tr(φ|) =∑

aii =
∑
rii 3	4�576 .

Note
»?½H¾À � ��� � 6���6 df %'ÍÌ² �HÎ�Ï$ 3	4�ÐÑ Ò «�$ÔÓÕ Ò 576 .

3.Hopf trace formula

Let C be a finitely generated chain complex (of R-module), i.e., each Cp is
finitely generated. And φ : C → C be a chain map. Then

∑
(−1)ptr(φp, Cp) =

∑
(−1)ptr(φp∗, Hp(C)/Tp(C))

µ?¶ T 4 ��� Tp(C) 01 2 Hp(C) %' Torsion part 3	4�576 .
YZ\[H]�^�

· · · // Cp+1

φp+1²²

// Cp

φp²²

// Cp−1

φp−1²²

// · · ·

· · · // Cp+1
// Cp

// Cp−1
// · · ·

df %' commutative diagram ������� 1 %' q�º$ K_ NO�Ö 67×	ØÙ 8 6¹Ú�4 �� x 67z l ~_���� %' commu-
tative diagram ��  ÜÛ�ÝÞ 01 2 576 .

0 // Zp

φ
′

p²²

// Cp

φp²²

// Bp−1

φ
′′

p−1²²

// 0

0 // Zp // Cp
// Bp−1

// 0

0 // Bp

φ
′′

p²²

// Zp

φ
′

p²²

// Hp

φp∗²²

// 0

0 // Bp
// Zp // Hp

// 0

ßàâá 4 ��ã	äå ã	äå %' diagram ���æ��� tr(φp) = tr(φ
′

p) + tr(φ
′′

p−1) NO tr(φ
′

p) = tr(φ
′′

p) +
tr(φp∗) Q�Rç ��  ����éè_ Q�RS � ,

� 6���6 ���
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tr(φp) = tr(φp∗) + tr(φ
′′

p) + tr(φ
′′

p−1)
⇒
∑

(−1)ptr(φp) =
∑

(−1)ptr(φp∗)
8 6¿«�$Ë®	¯° m7op 576 .

Note If φ= id. ⇒ tr(φp) = rk(Cp) and 1 is a special case.

������� 2 Let K be a finite simplicial complex and f : |K| → |K|.
λ(f) :=

∑
(−1)ptr(f∗, Hp(|K|)/Tp(|K|)) = Lefschetz number of f

4.Lefschetz fixed point theorem

Let K be a finite simplicial complex and f : |K| → |K|.
If λ(f) 6= 0, then f has a fixed point.

K_a`cb@ Sn %' q�º$ K_ ��  Ü� ��¡ �¢L£� :;6 . H0(S
n) → H0(S

n) vw J identity 3	4 � , Hn(S
n) →

Hn(S
n) ���æ��� tr(f∗) = degf 3	4+êB �� λ(f) = 1 + (−1)ndegf

8 6ë¨ª µ E λ(f) 6= 0 3	4
��6�01 2ìqtsuDvw J degf 6= (−1)n+1 3	4���6�01 2ìqtsu 3	4�576 . ßàâá 4 � 3	4 q�º$ K_ 01 2 3	4�í;4 ������������ 576îï Û�ÝS 576 .
YZ\[H]�^� Assume f has no fixed point and we will prove λ(f) = 0. Since |K| is
compact, there exists ε > 0 such that d(x, f(x)) > ε,∀x ∈ |K|.
May assume mesh(K) < ε by passing to a subdivision.
Let g : K

′

→ K be a simplicial approximation of f . Recall ∀σ ∈ K
′

, g(σ)
and f(σ) lie in the same simplex τ ∈ K. Then, g(σ) ∩ σ = ∅. If not,
g(σ) ∩ σ 6= ∅, g(σ) ∩ τ 6= ∅, f(σ) ⊂ τ and diam(τ) < ε. ⇒ d(x, f(x)) < ε
for x ∈ σ ∩ g(σ). It is a contradiction.

Now consider φp : Cp(K
′

)
g]
→ Cp(K)

sd
→ Cp(K

′

). Then tr(φp) = 0 , since the
coefficient of σ in φp(σ) is 0.

φ∗ : Hp(K
′

)

η
∼=
∗²²

g∗ // Hp(K)

η
∼=
∗²²

sd∗ // Hp(K
′

)

η
∼=
∗²²

commutes

Hp(|K|)
g∗=f∗

// Hp(|K|)
sd∗=id

// Hp(|K
′

|)

df %' diagram ���æ���ñðòôów Jöõ÷ ³ùøïûúI J %' commutativity 01 2 576 ¾² ü %' diagram ýB �� øïâþ�ÿ���� <?>@ Ä 6	576 .
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Cp(K) sd // Cp(K
′

)

4p(K)

θ²²

µ
OO

sd // 4p(K
′

)

θ²²

µ
OO

commutes

Sp(|K|)
sd // Sp(|K

′

|)

⇒ tr(φ∗) = tr(f∗) and λ(f) =
∑

(−1)ptr(f∗) =
∑

(−1)ptr(φ∗) =
∑

(−1)ptr(φp) =
0

�n���Z � �������� 4 (A generalization of Brouwer fixed point theorem)

Let |K| be acyclic (i.e. H̃(|K|) = 0) and f : |K| → |K|.
Then, f has a fixed point.

∵ H0(|K|) = Z ⇒ λ(f) = 1 6= 0

Example 1. f : Sn → Sn ⇒ λ(f) = 1 + (−1)ndegf .
2. f ' id. : |K| → |K| ⇒ λ(f) = λ(id.) = χ(|K|)
If χ(|K|) 6= 0⇒ f ' id.has a fixed point.

S2n ��� nonvanishing vector field
8 6�Q�RS 576 � 8 6 !�#$ Ä 6c:;6 . ßà CFE ¤�¥@ , 3	4 vector field ��  � 6	��6 ��� flow ��  ���  è_ Q�RS � , flow ��  � 6���6 ��� identity NO homotopic m7op map ��  ��
	� ã	äå(+*, è_ Q�RS 576 . ßà� b@�ÆÈÇûdf %' ��� 01 2 fixed point

8 6����� 01 2 3	4 map %' gi Jkj�l «�$ 3	4 S2n %'
Euler characteristic 3	4 0 3	4¹µ E x������� ��  ���� T 4 Ä 6�01 2�qtsu 3	4;êB ��  ò!X 2 3	4�576 . � 6���6 ���
S2n ��� 01 2 nonvanishing vector field

8 6�gi Jkj�l (+*, è_ ���� 576 .Ö 6�×	ØÙ 8 6¹Ú�4 �� compact smooth manifold M " �� ��� nonvanishing vector field
8 6kgi Jj�l Ä 6 ¤�¥@ , χ(M) = 0 3	4�¨ª µ E x��¡m7op 576 . #%$&('*) �� 01 2 Û,+-/.ò «�$Ë®	¯° Ä 6 � Euler character-

istic vw J nonvanishing vector field
8 6ögi J�j�l Ä 6 T 4 df m7op abstraction ýB �� .ò10 632 äå546 7è_ Q�RS 576 .
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89 :5;=< 4

f = F̄

R2 R2

F

K_a`cb@ R2 ��� q=>- :;6 {(m,n)|m,n ∈ Z}
8 6@?ï µ EBA ¢ Q�RS 576 � Ä 6c:;6 . ßàâá 4 � q=>- :;6 !DCç/EF G ��  £� gi J Ä 6�01 2 linear map F (∈ GL(2,Z)) ��  ��
	� ã	äå Ä 6c:;6 . 3	4 '*) torus %' universal cov-

ering ��  3	4 R2 ��6 � (+*,)-�/ , R2 P;6;3	4 %' map F 01 2 x+{(m,n)} ��  F (x)+{(m,n)} ýB�� £� »?½ 01 2 map 3	4 ¨ª êB �� torus P;6=3	4 %' map f = F̄ ��  induce m7op 576 . 3	4 -�/ , λ(f) 01 2
µ EIH�JK �ML ¨ª 01 2 8 6 ?
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